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Abstract
We introduce a new technique for dealing with the matrix elements of the Hamil-
tonian operator in loop quantum gravity, based on the use of intertwiners projected
on coherent states of angular momentum. We give explicit expressions for the pro-
jections of intertwiners on the spin coherent states in terms of complex numbers
describing the unit vectors which label the coherent states. Operators such as the
Hamiltonian can then be reformulated as differential operators acting on polyno-
mials of these complex numbers. This makes it possible to describe the action of
the Hamiltonian geometrically, in terms of the unit vectors originating from the
angular momentum coherent states, and opens up a way towards investigating the
semiclassical limit of the dynamics via asymptotic approximation methods.
1 Introduction
A new Hamiltonian operator for loop quantum gravity [1–3] has been introduced in [4,5],
and some simple matrix elements of the operator have been computed using SU(2) re-
coupling theory techniques. In this work we propose an alternative method for dealing
with such computations, based on intertwiners projected on angular momentum coher-
ent states, in order to overcome the difficulties involved in the use of recoupling theory
(see for example [6, 7]).
The use of SU(2) coherent states was first introduced in loop quantum gravity in the
context of spinfoam models (see [8] for a review) with the so called Livine-Speziale co-
herent intertwiners, introduced in [9], studied further in [10–13], and used to compute
the asymptotics of the EPRL spin foam model in [14]. In particular, in [10] the relation
between coherent intertwiners and the quantum geometry of a tetrahedron was made
explicit by establishing an isomorphism between the four-valent coherent intertwiner and
the quantization of the reduced phase space of tetrahedra. These results were further
extended to the case of n-valent intertwiners with the tools of holomorphic quantization
in [11]. Further work on intertwiners in the holomorphic representation can be found
in [15,16].
The main purpose of the present work is to introduce a way of applying the angular
momentum coherent states to computations in canonical loop quantum gravity. We
achieve this by rewriting the standard spin network states in terms of representation
matrices and intertwiners projected onto the basis of angular momentum coherent states.
On the technical level, we will be therefore interested in the object
ιξ1···ξN = 〈ι|j1ξ1 ⊗ · · · ⊗ jNξN 〉, (1.1)
where |ι〉 ∈ Inv (Hj1 ⊗ · · · ⊗ HjN ) is an intertwiner in a standard recoupling theory
basis, and |jξ〉 are the coherent states of angular momentum, parametrized in terms of
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a complex number ξ encoding the polar angles of a unit vector ~n. The significance of
(1.1), which we evaluate explicitly in the case of three- and four-valent intertwiners, is
demonstrated by the following three interpretations of the object ιξ1···ξN :
• By definition, ιξ1···ξN gives (the complex conjugate of) the projection of the inter-
twiner |ι〉 onto the coherent state |j1ξ1⊗· · ·⊗ jNξN 〉 of the space Hj1 ⊗· · ·⊗HjN .
• The components of the Livine–Speziale coherent intertwiner labeled by the vectors
~nξ1 , . . . , ~nξN with respect to a standard orthonormal basis {|ι(k)〉} of the intertwiner
space Inv (Hj1 ⊗ · · · ⊗ HjN ) are given by the numbers ι(k)ξ1···ξN .
• Finally, from the explicit expression of ιξ1···ξN one can extract a representation of
the intertwiner |ι〉 as a polynomial1 of the complex variables ξ1, . . . , ξN . Further-
more, the standard operators of loop quantum gravity, in particular the Hamilto-
nian, can be reformulated as differential operators acting on this polynomial.
The main motivation for our work is that by reformulating our calculations in the lan-
guage of the complex numbers ξa (as opposed to the language of SU(2) recoupling
theory), we will be able express the action of the Hamiltonian on spin network states in
a more transparent, geometrical form in terms of the unit vectors ~na corresponding to
the complex numbers ξa. This will hopefully open up a way to investigate the geomet-
rical content and the semiclassical properties of the Hamiltonian e.g. by use of saddle
point techniques. However, the purpose of the present paper is merely to lay down the
framework for carrying out such computations. In particular, obtaining a systematic
understanding of the geometrical structure of the Hamiltonian in this framework is a
question left for future work.
This paper is organized as follows. In section 2 we review the standard construction
of intertwiners in loop quantum gravity, and the coherent states of angular momentum,
and use these coherent states to rewrite the standard spin network states of LQG in
terms of intertwiners projected on the angular momentum coherent states (i.e. ιξ1···ξN ).
In section 3, we derive explicit expressions for ιξ1···ξN in the case of three- and four-
valent intertwiners, both in terms of the complex numbers ξa and the corresponding
unit vectors ~na. In section 4 we recall the representation of SU(2) in a space of complex
polynomials, and show how the N -valent intertwiner |ι〉 can represented as a polynomial
of N complex variables ξ1, . . . , ξN . In section 5, we give an example of applying the
techniques developed in sections 2–4 in a concrete calculation. We then close the paper
by reporting our conclusions and plans for future work.
2 Intertwiners and angular momentum coherent states
2.1 Spin networks and intertwiners in loop quantum gravity
In loop quantum gravity [1–3], an important role is played by the rotationally invariant
subspace of the tensor product Hj1 ⊗ · · · ⊗ HjN . There is a one-to-one correspondence
between elements of this space, which is often denoted by Inv (Hj1 ⊗ · · · ⊗ HjN ), and
intertwiners, i.e. invariant tensors ofHj1⊗· · ·⊗HjN . The Hilbert space of gauge-invariant
1This is based on the fact that the spin-j representation of SU(2) can be realized on the space of
polynomials of degree 2j of a single complex variable.
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states in loop quantum gravity is spanned by the so-called spin network states. A spin
network state is labeled by a graph Γ (oriented, embedded in the three-dimensional
spatial manifold Σ), a spin quantum number je for each edge e of Γ, and an intertwiner
ιn ∈ Inv
(⊗
e∈nHje
)
for each node of Γ, where {e}e∈n denotes the set of edges incident
on the node n. Explicitly, the wave function of a spin network state is given by
ΨΓ,{je},{ιn}
(
he1 [A], . . . , heNe [A]
)
=
(∏
e∈Γ
√
djeD
(je)
mene
(
he[A]
))(∏
n∈Γ
ιn
)
m1···mNe ;n1···nNe
(2.1)
Here Ne is the number of edges of the graph Γ, he[A] ∈ SU(2) is the holonomy of the
Ashtekar connection along the edge e, and D(j)mn(h) is the representation matrix of h
in the spin-j representation of SU(2). The dimension of the representation is denoted
by dj = 2j + 1. The pattern of contraction of the magnetic indices is dictated by the
structure of the graph.
A basic example of an intertwiner space is Inv (Hj1 ⊗ Hj2 ⊗ Hj3), the space of three-
valent intertwiners. This space is one-dimensional, provided that the spins j1, j2 and j3
satisfy the triangular inequality, and is spanned by the state |Ψ0〉, the unique rotationally
invariant state of the three spins. The components of this invariant state with respect
to the standard basis of Hj1 ⊗Hj2 ⊗Hj3 are given by the Wigner 3j-symbol2:
|Ψ0〉 =
∑
m1m2m3
(
j1 j2 j3
m1 m2 m3
)
|j1m1〉|j2m2〉|j3m3〉. (2.2)
The components of the three-valent intertwiner are therefore given by
ι(j1j2j3)m1m2m3 =
(
j1 j2 j3
m1 m2 m3
)
, (2.3)
and invariance of ι(j1j2j3)m1m2m3 under SU(2) follows from the rotational invariance of the
state |Ψ0〉. Intertwiners of higher valence can be constructed by contracting three-valent
intertwiners in a rotationally invariant way, using the tensors (j)mn and (j)mn, both of
whose components are defined to be equal to (−1)j−mδm,−n with respect to the basis
{|jm〉}. For example, the objects
ι(k)m1m2m3m4 = ι
(j1j2k)
m1m2µ
(k)µνι(kj3j4)νm3m4
=
√
dk
∑
n
(
j1 j2 k
m1 m2 n
)
(−1)k−n
(
k j3 j4
−n m3 m4
)
(2.4)
provide an orthonormal basis of the four-valent intertwiner space Inv (Hj1⊗Hj2⊗Hj3⊗
Hj4), when the intermediate spin k goes through all values compatible with the triangular
inequalities.
2.2 Angular momentum coherent states
In this section we will recall some properties of the angular momentum coherent states
[18, 19], which will be a central tool in our work. Coherent states of an angular mo-
mentum j can be obtained by starting with the state of lowest weight, |j,−j〉, and
2In angular momentum theory, we follow the conventions of [17]. In particular, we use the Condon–
Shortley phase convention for the Clebsch–Gordan coefficients.
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applying a SU(2) rotation which rotates the vector eˆz = (0, 0, 1) into the vector ~n =
(sin θ cosφ, sin θ sinφ, cos θ). The resulting state is denoted by
|j~n〉 = D(j)(~n)|j,−j〉. (2.5)
The requirement of rotating the vector eˆz into ~n does not uniquely determine the group
element g(~n). In order to fix the ambiguity and obtain a unique g(~n), one typically
specifies that the rotation is performed around an axis in the xy-plane. With this
choice, the group element effecting the rotation is unique, and is given by
g(~n) = e−iθ ~m· ~J =
(
cos θ/2 −e−iφ sin θ/2
eiφ sin θ/2 cos θ/2
)
, (2.6)
where ~m = (− sinφ, cosφ, 0) is a vector orthogonal to ~n and lying in the plane spanned
by eˆx and eˆy.
The states (2.5) form a basis of the Hilbert space Hj , as indicated by the resolution of
identity
1 = dj
∫
d2n
4pi
|j~n〉〈j~n|, (2.7)
where d2n = sin θ dθ dφ is the standard measure on the unit sphere. The state |j~n〉 is
an eigenstate of the operator ~n · ~J with eigenvalue −j, just as |j,−j〉 is an eigenstate of
Jz with eigenvalue −j.
For large j, the state |j~n〉 has a semiclassical interpretation, describing an angular mo-
mentum oriented in the direction −~n, in the sense that the expectation value of the
angular momentum in the state is given by 〈j~n| ~J |j~n〉 = −j~n, and the relative uncer-
tainty ∆J/〈J〉 = O(j−1/2) is small in the limit of large j. Another useful property of
the states (2.5) is that the spin-j coherent state can be constructed as a simple tensor
product of spin-1/2 coherent states:
|j~n〉 = |~n〉 ⊗ · · · ⊗ |~n〉︸ ︷︷ ︸
2j times
(2.8)
where |~n〉 ≡ |12 , ~n〉 denotes the coherent state in the spin-1/2 representation.
For practical purposes, it is convenient to introduce the complex parameter
ξ = −e−iφ tan θ
2
, (2.9)
which encodes the angles of the vector ~n and can therefore be used instead of ~n to label
the coherent states (2.5). Using the decomposition of a SU(2) group element given by
Eq. (A.4) of Appendix A, we find that we can write the group element (2.6) in terms of
ξ as
g(ξ) = eξJ+eln(1+|ξ|
2)J0e−ξ¯J− . (2.10)
The explicit matrix form of this group element reads
g(ξ) =
1√
1 + |ξ|2
(
1 ξ
−ξ¯ 1
)
. (2.11)
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By applying (2.10) to the state |j,−j〉, we obtain the expression
|jξ〉 = 1
(1 + |ξ|2)j e
ξJ+ |j,−j〉 (2.12)
for the coherent state (2.5). Furthermore, in terms of ξ the resolution of identity (2.7)
takes the form
1 =
∫
dµj(ξ) |jξ〉〈jξ|, (2.13)
the measure being given by
dµj(ξ) =
dj
pi
d2ξ
(1 + |ξ|2)2 . (2.14)
Eqs. (2.12) and (2.11) are very useful in practical calculations. For example, using
(2.11) together with (2.8), the scalar product between two coherent states is immediately
calculated as
〈jξ|jη〉 = 〈−|g†(ξ)g(η)|−〉2j = (1 + ξ¯η)
2j
(1 + |ξ|2)j(1 + |η|2)j , (2.15)
with |−〉 ≡ |12 ,−12〉 the state of lowest weight in the spin-1/2 representation. In terms
of the vectors ~n, one has
〈j ~m|j~n〉 = eijα(~m,~n)
(
1 + ~m · ~n
2
)j
, (2.16)
where
α(~m,~n) = ln
1 + ξ~mξ~n
1 + ξ~mξ~n
(2.17)
is the (oriented) area of the spherical triangle spanned by the vectors eˆz, ~m and ~n.
To give another example, let us compute the matrix elements of the angular momentum
operator between the states |jξ〉. In the calculation, it is more convenient to use the
unnormalized states
|jξ) = eξJ+ |j,−j〉, (2.18)
for which we have
(jξ|jη) = (1 + ξ¯η)2j , (2.19)
and from which the coherent states |jξ〉 are obtained by multiplying with the appropriate
normalization factor,
|jξ〉 = 1
(1 + |ξ|2)j |jξ). (2.20)
To find, for example, the matrix element of J+, we consider
(jξ|eJ+ |jη) = (jξ|eJ+eηJ+ |j,−j〉 = (jξ|j, η + ). (2.21)
Expanding to linear order in , we get
(jξ|J+|jη) = ∂
∂η
(jξ|jη) = 2jξ¯(1 + ξ¯η)2j−1. (2.22)
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A similar calculation for J− shows that
(jξ|J−|jη) = ∂
∂ξ¯
(jξ|jη) = 2jη(1 + ξ¯η)2j−1. (2.23)
Finding the matrix element of J0 is less straightforward, but can be done by considering
the identity eηJ+J−e−ηJ+ |jη) = 0 [19]. Using the Baker-Campbell-Hausdorff formula,
one obtains (J− + 2ηJ0 − η2J+)|jη) = 0, from which it follows that
(ξ|J0|η) = j(ξ¯η − 1)(1 + ξ¯η)2j−1. (2.24)
Summarizing our findings, and rewriting them in terms of the normalized states |jξ〉,
we have
〈jξ|J+|jη〉 = 2jξ¯ (1 + ξ¯η)
2j−1
(1 + |ξ|2)j(1 + |η|2)j (2.25)
〈jξ|J0|jη〉 = j(ξ¯η − 1) (1 + ξ¯η)
2j−1
(1 + |ξ|2)j(1 + |η|2)j (2.26)
〈jξ|J−|jη〉 = 2jη (1 + ξ¯η)
2j−1
(1 + |ξ|2)j(1 + |η|2)j . (2.27)
To conclude our discussion of the angular momentum coherent states, let us note some
useful properties of the matrix g(ξ). Firstly, the inverse matrix is obtained by inverting
the sign of the parameter, i.e.
g−1(ξ) = g(−ξ). (2.28)
Secondly, if ξ is the parameter associated with the vector ~n, then the parameter associ-
ated with the vector −~n is −1/ξ¯; thus
g(−~n) = g(−ξ¯−1~n ). (2.29)
Furthermore, by using the explicit matrix representation (2.11), one can derive the
composition law of the group elements g(ξ). The result reads
g(ξ1)g(ξ2) = g(ξ12)e
iα12σz/2, (2.30)
where
ξ12 =
ξ1 + ξ2
1− ξ¯1ξ2
and eiα12/2 =
1− ξ1ξ¯2
|1− ξ1ξ¯2|
. (2.31)
Note that here α12 is again the area of a spherical triangle, as given by Eq. (2.17).
2.3 Livine–Speziale coherent intertwiners
The spin coherent states described in the previous section can be used to construct an
alternative basis of the intertwiner space Inv (Hj1 ⊗ · · · ⊗HjN ). This basis is formed by
the coherent intertwiners introduced by Livine and Speziale [9]. A coherent intertwiner
is constructed by forming a tensor product of the spin coherent states (2.5), and making
the resulting state rotationally invariant by applying a group averaging:
|j1 · · · jN ;~n1 · · ·~nN 〉 =
∫
dg D(j1)(g)|j1~n1〉 ⊗ · · · ⊗D(jN )(g)|jN~nN 〉. (2.32)
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The coherent intertwiners |j1 · · · jN ;~n1 · · ·~nN 〉 provide an overcomplete basis in the space
of N -valent intertwiners. Physically, the Livine–Speziale intertwiners were first recog-
nized to represent semiclassical polyhedra in the same sense in which an ordinary inter-
twiner describes a quantum polyhedron [12,20–22], and the description of the kinematical
states of LQG in terms of coherent intertwiners led to the concept of twisted geome-
tries [13] (i.e. discrete geometries different from the usual Regge geometries, obtained by
matching the normal vectors corresponding to faces of classical polyhedra, with shapes
of the glued faces not necessarily matching.)
For the purposes of the present work, we are interested in how an N -valent coherent
intertwiner is expanded in some standard basis of Inv (Hj1⊗· · ·⊗HjN ), for example one
constructed by extending Eq. (2.4) to the N -valent case. To this end, consider
〈j1m1 ⊗ · · · ⊗ jNmN |j1 · · · jN ;~n1 · · ·~nN 〉 =
∫
dg
N∏
a=1
〈jama|D(ja)(g)D(ja)(~na)|ja,−ja〉.
(2.33)
On the right we can insert identity in the form 1 =
∑
ma
|jama〉〈jama| between the two
D-matrices. The resulting integral over the group is then given by3∫
dg D(j1)m1n1(g) · · ·D(jN )mNnN (g) =
∑
ι
ιm1···mN ιn1···nN , (2.34)
where the sum on the right runs through any real4, orthonormal basis of the intertwiner
space Inv (Hj1 ⊗ · · · ⊗ HjN ). From Eq. (2.33), we therefore obtain
〈j1m1 ⊗ · · · ⊗ jNmN |j1 · · · jN ;~n1 · · ·~nN 〉
=
∑
ι
( ∑
n1···nN
D
(j1)
n1,−j1(~n1) · · ·D
(jN )
nN ,−jN (~nN )ιn1···nN
)
ιm1···mN . (2.35)
From this we see that the decomposition of the coherent intertwiner in the basis {|ι〉}
reads
|j1 · · · jN ;~n1 · · ·~nN 〉 =
∑
ι
c~n1···~nN (ι)|ι〉, (2.36)
where the projections of |j1 · · · jN ;~n1 · · ·~nN 〉 onto the basis intertwiners are given by
c~n1···~nN (ι) =
∑
n1···nN
ιn1···nND
(j1)
n1,−j1(~n1) · · ·D
(jN )
nN ,−jN (~nN ). (2.37)
2.4 Spin networks in the coherent-state basis
The starting point for our work in the remainder of this paper is to express the spin
network state of Eq. (2.1) using the basis of angular momentum coherent states, as
opposed to the standard basis of magnetic indices, which is used in Eq. (2.1). If one
starts with the expression (2.1), but uses in each Hilbert space Hj the resolution of
3To see that this equation is valid, note that both sides of the equation are a representation of the
projection operator onto Inv (Hj1 ⊗ · · · ⊗ HjN ).
4In case the basis is not real, the intertwiner ιm1···mN on the right-hand side should be complex
conjugated.
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identity 1 =
∫
dµj(ξ) |jξ〉〈jξ| instead of 1 =
∑
m |jm〉〈jm|, one obtains the following
expression for the spin network ΨΓ,{je},{ιn}:
ΨΓ,{je},{ιn}
(
he1 [A], . . . , heNe [A]
)
=
∫
dµj1(ξ1) dµj1(η1) · · · dµjNe (ξNe) dµjNe (ηNe)
×
(∏
e∈Γ
√
djeD
(je)
ξeηe
(
he[A]
))(∏
n∈Γ
ιn
)
ξ1···ξNe ;η1···ηNe
.
(2.38)
Here D(j)ξη (h) denotes the matrix elements of the Wigner matrix D
(j)(h) with respect to
the basis of coherent states, i.e.
D
(j)
ξη (h) = 〈jξ|D(j)(h)|jη〉. (2.39)
Similarly, the intertwiners in Eq. (2.38) are constructed by projecting each state |ιn〉 onto
the coherent-state basis of the space
⊗
e∈nHjen . A detailed discussion of the objects so
obtained, 〈j1ξ1 ⊗ · · · ⊗ jNξN |ι〉, is the subject of the following section.
3 Intertwiners in the basis of spin coherent states
We will now consider in more detail the object
ιξ1···ξN ≡ 〈ι|j1ξ1 ⊗ · · · ⊗ jNξN 〉
= ιm1···mND
(j1)
m1,−j1(ξ1) · · ·D
(jN )
mN ,−jN (ξN ), (3.1)
which appears implicitly in Eq. (2.38), and which by definition is the (complex conju-
gate of) the component of the intertwiner |ι〉 with respect to the coherent state basis
|j1ξ1〉 · · · |jNξN 〉 of Hj1 ⊗ · · · ⊗ HjN . Moreover, as shown by our discussion in section
2.3, ιξ1···ξN is also the component of the Livine–Speziale intertwiner |j1 · · · jN ; ξ1 · · · ξN 〉
with respect to the basis element |ι〉 of the intertwiner space Inv (Hj1 ⊗ · · · ⊗ HjN ). A
third interpretation of our result for ιξ1···ξN will be discussed in section 4.
Below we will perform the evaluation of (3.1) explicitly in the case of three- and four-
valent intertwiners.
3.1 The three-valent intertwiner
We start with the calculation of
ιξ1ξ2ξ3 ≡
(
j1 j2 j3
ξ1 ξ2 ξ3
)
=
(
j1 j2 j3
m1 m2 m3
)
D
(j1)
m1,−j1(ξ1)D
(j2)
m2,−j2(ξ2)D
(j3)
m3,−j3(ξ3), (3.2)
which is conveniently carried out by using the realization of the spin-j representation of
SU(2) as a symmetrized tensor product of 2j copies of the fundamental representation, as
described in Appendix A.2. A magnetic indexm in the spin-j representation corresponds
to a symmetrized set of 2j spinor indices, (A1 · · ·A2j). The components of the three-
valent intertwiner in the magnetic basis are then given by
ι(A1···A2j1 )(B1···B2j2 )(C1···C2j3 ) = Nj1j2j3I(A1···A2j1 )(B1···B2j2 )(C1···C2j3 ), (3.3)
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where
IA1···A2j1B1···B2j2C1···C2j3 = A1B1 · · · AaBaBa+1C1 · · · Ba+bCbCb+1Aa+1 · · · Cb+cAa+c ,
(3.4)
and a = j1 + j2 − j3, b = j2 + j3 − j1, c = j3 + j1 − j2, and the normalization factor
Nj1j2j3 is given by Eq. (A.12). The representation matrix D
(j)
mn(g) has the form (A.8);
in particular, when the second index takes its minimal value, as in Eq. (3.2), we have
D
(j)
m,−j(g) = D
(j)
(A1···A2j)(−...−)(g) = g
A1− · · · gA2j−. (3.5)
Using Eqs. (3.3) and (3.5) in Eq. (3.9), we get(
j1 j2 j3
ξ1 ξ2 ξ3
)
= Nj1j2j3(ξ1ξ2)
j1+j2−j3(ξ2ξ3)
j2+j3−j1(ξ3ξ1)
j3+j1−j2 , (3.6)
where we introduced the notation
ξη = ABg
A
−(ξ)g
B
−(η). (3.7)
Recalling Eq. (2.11), and choosing +− = +1, we get
ξη =
ξ − η√
1 + |ξ|2√1 + |η|2 . (3.8)
Therefore we find that the coherent components of the 3j-symbol are given by(
j1 j2 j3
ξ1 ξ2 ξ3
)
= Nj1j2j3
(ξ1 − ξ2)j1+j2−j3(ξ2 − ξ3)j2+j3−j1(ξ3 − ξ1)j3+j1−j2
(1 + |ξ1|2)j1(1 + |ξ2|2)j2(1 + |ξ3|2)j3 . (3.9)
An alternative derivation of this result, using the complex polynomial representation of
SU(2) (see Appendix 4.1) is reported in Appendix B.
3.2 Four-valent intertwiners
In order to calculate the components of the four-valent intertwiner in the coherent state
basis, it is convenient to use the graphical representation given by Eq. (A.15), and
reproduced below:
ι
(k)
(A1···A2j1 )···(D1···D2j4 )
=
√
dkNj1j2kNkj3j4 (3.10)
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When ι(k)m1···m4 is contracted with D
(j1)
m1,−j1(ξ1) · · ·D
(j4)
m4,−j4(ξ4) in order to produce ι
(k)
ξ1···ξ4 ,
each blue line in Eq. (3.10) becomes ξ1ξ2 , and each red line becomes ξ3ξ4 . The green
lines (which are symmetrized over the internal group of lines) become
N
∑
nab
N(nab)(ξ3ξ1)
n13(ξ4ξ1)
n14(ξ2ξ3)
n23(ξ2ξ4)
n24 , (3.11)
where nab denotes the number of lines connecting external spins ja and jb, and N(nab)
is the number of ways of arranging the lines for fixed values of the nab. Furthermore, N
is an overall normalization factor (ensuring that the symmetrization is done with total
weight 1), and the sum runs over those values of nab that satisfy the constraints
n13 + n14 = j1 − j2 + k, (3.12)
n23 + n24 = j2 − j1 + k, (3.13)
n13 + n23 = j3 − j4 + k, (3.14)
n14 + n24 = j4 − j3 + k. (3.15)
These conditions reduce the summation to one independent sum. Determining N(nab)
and N is a straightforward combinatorial problem, and in the end we obtain the result
ι
(k)
ξ1···ξ4 =
√
dkNj1j2kNkj3j4
(ξ1 − ξ2)j1+j2−k(ξ3 − ξ4)j3+j4−kQk(ξ1, ξ2, ξ3, ξ4)
(1 + |ξ1|2)j1(1 + |ξ2|2)j2(1 + |ξ3|2)j3(1 + |ξ4|2)j4 , (3.16)
where the function Qk is given by
Qk(ξ1, ξ2, ξ3, ξ4) =
1(
2k
k + j1 − j2
)∑
t
(
j3 − j4 + k
t
)(
j4 − j3 + k
j1 − j2 + k − t
)
× (ξ3 − ξ1)t(ξ2 − ξ4)j2−j1−j3+j4+t(ξ4 − ξ1)j1−j2+k−t(ξ2 − ξ3)j3−j4+k−t (3.17)
(the sum runs over all values of t for which the factorials in the binomial coefficients
have non-negative arguments).
The method applied above to the four-valent intertwiner can, at least in principle, be
extended to obtain the components of an intertwiner of arbitrary valence with respect
to the coherent state basis of Hj1 ⊗ · · ·HjN . From this it is clear, even without carrying
out the calculation in detail, that the N -valent intertwiner ιξ1···ξN always has the general
structure
ιξ1···ξN =
Pι(ξ1, . . . , ξN )
(1 + |ξ1|2)j1 · · · (1 + |ξN |2)jN , (3.18)
where the function Pι(ξ1, · · · , ξN ) is a polynomial of order 2ja in each variable ξa, and
is a function of only the differences ξa − ξb.
3.3 Expression in terms of normal vectors
The expression (3.18) for the coherent components of an intertwiner can be rewritten
in terms of the vectors ~na corresponding to the parameters ξa as follows. We begin by
writing ξa − ξb as ξa(1 + ˇ¯ξaξb), where ξˇa = −ξ¯−1a denotes the parameter corresponding
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to the vector −~na. Next, comparing Eqs. (2.15) and (2.16) for the scalar product of two
coherent states, we see that
1 + ξ¯η = eiα(~m,~n)
√
1 + |ξ|2
√
1 + |η|2
√
1 + ~m · ~n
2
, (3.19)
where ~m and ~n are the vectors corresponding to ξ and η respectively, and the phase
α(~m,~n) is given by Eq. (2.17). Using this to rewrite the factor (1 + ˇ¯ξaξb), we obtain
ξa − ξb = −ei[α(−~na,~nb)−φa]
√
1 + |ξ1|2
√
1 + |ξ2|2
√
1− ~na · ~nb
2
. (3.20)
As an example, let us consider the 3j-symbol given by Eq. (3.9). Making the replace-
ment indicated by Eq. (3.20) in Eq. (3.9), we obtain the following expression for the
components of the 3j-symbol with respect to the state |j1~n1〉|j2~n2〉|j3~n3〉.(
j1 j2 j3
~n1 ~n2 ~n3
)
= Nj1j2j3e
i(j1+j2−j3)[α(−~n1,~n2)−φ1]+i(j2+j3−j1)[α(−~n2,~n3)−φ2]+i(j3+j1−j2)[α(−~n3,~n1)−φ3]
×
(
1− ~n1 · ~n2
2
) j1+j2−j3
2
(
1− ~n2 · ~n3
2
) j2+j3−j1
2
(
1− ~n3 · ~n1
2
) j3+j1−j2
2
.
(3.21)
The norm of this object is peaked on configurations where the closure condition j1~n1 +
j2~n2 + j3~n3 = 0 is satisfied, and the peak becomes sharper with increasing values of the
spins j1, j2 and j3. This is a special case of the result obtained by Livine and Speziale [9]
on the norm of the coherent intertwiner, since according to the discussion in section 2.3,
the norm of (3.21) has an alternative interpretation as the norm of the three-valent co-
herent intertwiner |j1j2j3;~n1~n2~n3〉. We nevertheless illustrate this property numerically
in Figs. 1 and 2 below.
In Fig. 1, we plot the norm of (3.21) as a function of the polar angles of the vector ~n3,
when the first two vectors are fixed as ~n1 = (0, 0, 1) and ~n2 = (
√
3
2 , 0,−12), and the spins
j1, j2 and j3 are equal to a common value j. We consider the values j = 20 and j = 100,
and see that in both cases, the norm is peaked on ~n3 = −~n1 − ~n2, corresponding to
the angles (θ, φ) = (23pi, pi), but the peak is sharper in the latter case. In Fig. 2, we
show the norm of (3.21) when j1 = j2 = 50 and j3 = 86 ≈ 50
√
2, and we have fixed
~n1 = (1, 0, 0) and ~n2 = (0, 1, 0). The norm is peaked on the approximately closed
configuration ~n3 = 1√2(−1,−1, 0), corresponding to the angles (θ, φ) = (
1
2pi,
5
4pi).
3.4 Raising and lowering indices in the coherent-state basis
Before concluding this section, we must discuss how indices of intertwiners are raised
and lowered in the basis of coherent states. This is necessary for a consistent contraction
of indices in an equation such as (2.38). In the basis of magnetic indices, indices are
raised and lowered using the epsilon tensor; for example,
ιm1m2···mN = 
(j1)m1n1ιn1m2···mN . (3.22)
To derive the rule for raising an index in the coherent-state basis, we can compute the
component of ∑
m1···mN
ιm1m2···mN 〈j1m1| ⊗ |j2m2〉 ⊗ · · · ⊗ |jNmN 〉 (3.23)
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Figure 1: The norm of the 3j-symbol (3.21) as a function of the polar angles of the vector
~n3. The spins j1, j2 and j3 are all equal to a common value j, and the first two vectors
are fixed to ~n1 = (0, 0, 1) and ~n2 = (
√
3
2 , 0,−12). In the upper diagram j = 20, and in the
lower diagram j = 100. In both cases, the norm is peaked on the angles (θ, φ) = (23pi, pi),
corresponding to the closed configuration ~n3 = (−
√
3
2 , 0,−12) = −~n1 − ~n2, but the peak
is sharper when the spin j is larger.
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Figure 2: The norm of (3.21) as a function of the polar angles of ~n3 when j1 = j2 = 50
and j3 = 86 ≈ 50
√
2. The maximum occurs at the angles (θ, φ) = (12pi,
5
4pi), cor-
responding to the vector ~n3 = (− 1√2 ,−
1√
2
, 0). Therefore the norm is peaked on the
approximately closed configuration ~n1 + ~n2 +
√
2~n3 = 0.
with respect to the state 〈j1ξ1| ⊗ |j2ξ2〉 ⊗ · · · ⊗ |jNξN 〉, or more directly consider the
integral
ι ξ1ξ2···ξN =
∫
dµj1(η1) 
(j1)ξ1η1ιη1ξ2···ξN , (3.24)
which is Eq. (3.22) translated to the coherent-state basis. The coherent components
of epsilon can be found, for example, by computing the projection of the state |〉 =∑
mn 
(j)
mn|jm〉|jn〉 onto the basis element |jξ〉|jη〉, or by noting that (j)mn =
√
dj
(
j j 0
m n 0
)
and using Eq. (3.9). One finds

(j)
ξη =
(ξ − η)2j
(1 + |ξ|2)j(1 + |η|2)j (3.25)
and
(j)ξη = 
(j)
ξη . (3.26)
The integral (3.24) can then be evaluated using the integration formula (4.5), derived in
the next section. The result is
ι ξ1ξ2···ξN =
ξ¯2j11 Pι(−ξ¯−11 , ξ2, . . . , ξN )
(1 + |ξ1|2)j1 · · · (1 + |ξN |2)jN . (3.27)
This can alternatively be written as
ι ξ1ξ2···ξN =
Pι(−ξ¯−11 , ξ2, . . . , ξN )
(1 + |−ξ¯−11 |2)j1 · · · (1 + |ξN |2)jN
, (3.28)
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which shows that, when the intertwiner is described in terms of the vectors corresponding
to the parameters ξ, then raising an index ξa is equivalent to replacing the corresponding
vector ~na with −~na.
4 A polynomial representation of intertwiners
In the previous section we found that the components of an intertwiner with respect to
the coherent state basis of Hj1 ⊗ · · · ⊗ HjNhave the general form
ιξ1···ξN =
Pι(ξ1, . . . , ξN )
(1 + |ξ1|2)j1 · · · (1 + |ξN |2)jN . (4.1)
In this section we will show that the polynomial Pι(ξ1, . . . , ξN ) can itself be regarded as a
representation of the intertwiner ι. In section 4.1 we describe a representation of SU(2)
in the space Pj , the space of polynomials of degree 2j of a single complex variable. Then,
in section 4.2 we show that the action of an angular momentum operator on the inter-
twiner ι results in an action on the polynomial Pι(ξ1, · · · , ξN ) by a differential operator
representing the angular momentum operator in the space Pj . From this we conclude
that Pι(ξ1, · · · , ξN ), regarded as an element of Pj1 ⊗ · · · ⊗ PjN , is the representation of
the intertwiner |ι〉.
4.1 Representation of SU(2) in a space of complex polynomials
A convenient realization of the spin-j representation of SU(2) can be constructed on
the space of polynomials of degree 2j in a complex variable z (see e.g. [19]). We denote
this space by Pj ; a general element of Pj has the form f (j)(z) =
∑2j
k=0 ckz
k. A scalar
product on Pj can be defined as
〈f (j)|g(j)〉 =
∫
dνj(z) f (j)(z)g
(j)(z), (4.2)
where the integration measure is
dνj(z) =
dj
pi
d2z
(1 + |z|2)2j+2 =
dµj(z)
(1 + |z|2)2j (4.3)
with dµj(z) the measure of Eq. (2.14). A basis of Pj , orthonormal under the scalar
product (4.2), is given by the monomials
f (j)m (z) =
√
(2j)!
(j +m)!(j −m)!z
j+m (4.4)
for m = −j,−j + 1, . . . , j. An immediate consequence of the orthonormality of the
functions (4.4) is the useful identity∫
dνj(ξ) (1 + ξ¯z)
2jf (j)(ξ) = f (j)(z), (4.5)
valid for all functions f (j) ∈ Pj .
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A representation of SU(2) on Pj is obtained by defining the action of the group element
g of Eq. (A.1) on a function f (j)(z) ∈ Pj to be
D(j)(g)f (j)(z) = (βz + α¯)2jf (j)
(
αz − β¯
βz + α¯
)
. (4.6)
In fact, this definition extends to the group SL(2,C); for h =
(
a b
c d
) ∈ SL(2,C), the
assignment
D(j)(h)f (j)(z) = (bz + d)2jf (j)
(
az + c
bz + d
)
(4.7)
defines a representation of SL(2,C) on Pj .
To find the representation of the angular momentum operator on Pj , we can use Eq.
(4.7) and the explicit matrix representation of ~J in the spin-1/2 representation (see Eq.
(A.7)) to calculate, for example
eJ+f (j)(z) = (1 + z)2jf (j)
(
z
1 + z
)
. (4.8)
Expanding both sides to first order in  then reveals that
J+ = −z2 d
dz
+ 2jz. (4.9)
By similar calculations one finds
J0 = z
d
dz
− j (4.10)
and
J− =
d
dz
. (4.11)
It is immediate to check that the function f (j)m of Eq. (4.4) is an eigenstate of J0 with
eigenvaluem, and hence corresponds to the state |jm〉 ∈ Hj in standard physics notation.
For reference, let us write down the angular momentum coherent state |jξ〉 = D(j)(ξ)|j,−j〉
as an element of Pj . Using Eqs. (2.12) and (4.7), and noting that the state |j,−j〉 cor-
responds to the element f (j)−j (z) = 1 of Pj , we find
f
(j)
ξ (z) =
1
(1 + |ξ|2)j (1 + ξ¯z)
2j . (4.12)
The polynomial representing the unnormalized coherent state |jξ) of Eq. (2.18) is simply
(1 + ξ¯z)2j . In this notation, the integration formula (4.5) is expressed as∫
dνj(ξ) (jξ|jz)f (j)(ξ) = f (j)(z). (4.13)
Let us also note that the matrix elements of the angular momentum operator between
the states |jξ), computed in section 2.2, can now be written as
(jξ|Jµ|jη) = Jµ(ξ¯)(jξ|jη), (4.14)
where Jµ(ξ¯) (µ = +, 0,−) denotes any of the differential operators of Eqs. (4.9)–(4.11)
acting on the variable ξ¯.
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4.2 Intertwiners as elements of Pj
We will now show how a polynomial representation of the intertwiner |ι〉 can be extracted
from the explicit expression of ιξ1···ξN . The component of the intertwiner |ι〉 with respect
to the basis state |j1ξ1 ⊗ · · · ⊗ jNξN 〉 is given by the complex conjugate of the object
ιξ1···ξN of Eq. (3.18). Therefore, |ι〉 can be expanded in the basis of coherent states as
|ι〉 =
∫
dµj1(ξ1) · · · dµjN (ξN ) ιξ1···ξN |j1ξ1 ⊗ · · · ⊗ jNξN 〉. (4.15)
For the sake of clarity, let us first consider the action of a single angular momentum
operator, acting on the first spin of the state |ι〉. Projecting the resulting state on the
basis element 〈j1η1 ⊗ · · · ⊗ jNηN |, inserting the form of ιξ1···ξN given by Eq. (3.18), and
introducing the unnormalized states |jξ) from Eq. (2.18) and the measure dνj(ξ) from
Eq. (4.3), we obtain
〈j1η1 ⊗ · · · ⊗ jNηN |J (1)µ |ι〉 =
1
(1 + |η1|2)j1 · · · (1 + |ηN |2)jN
×
∫
dνj1(ξ1) · · · dνjN (ξN )Pι(ξ¯1, . . . , ξ¯N ) (j1η1|Jµ|j1ξ1)(j2η2|j2ξ2) · · · (jNηN |jNξN ).
(4.16)
To perform the integral, we first recall that (j1η1|J (1)µ |j1ξ1) = Jµ(η¯1)(j1η1|j1ξ1), and
then write (jη|jξ) = (jξ¯|jη¯). This allows us to evaluate the integral using Eq. (4.13);
the result is Jµ(η¯1)P (η¯1, · · · , η¯N ). We therefore conclude
〈j1η1 ⊗ · · · ⊗ jNηN |J (1)µ |ι〉 =
Jµ(η¯1)Pι(η¯1, . . . , η¯N )
(1 + |η1|2)j1 · · · (1 + |ηN |2)jN . (4.17)
By a similar calculation we can show that for any operator O(J (1), · · · , J (N)), con-
structed from the angular momentum operators by a power series expansion, we have5
〈j1ξ1 ⊗ · · · ⊗ jNξN |O(J (1), · · · , J (N))|ι〉 =
O(J(ξ¯1), · · · , J(ξ¯N ))Pι(ξ¯1, . . . , ξ¯N )
(1 + |ξ1|2)j1 · · · (1 + |ξN |2)jN . (4.18)
That is, the action of the angular momentum operator on the state |ι〉 translates to an
action on the polynomial Pι(ξ1, . . . , ξN ) by the differential-operator representation of the
angular momentum operator on the space Pj1 ⊗ · · · ⊗ PjN . This confirms that we can
consistently interpret Pι(ξ1, . . . , ξN ) as the element of Pj1 ⊗ · · · ⊗ PjN corresponding to
the intertwiner |ι〉. In this description of the intertwiner, the variable ξa is no longer
regarded as a parameter specifying an unit vector ~na, but only as an abstract variable,
whose first 2ja powers span the space Pja .
5 Application to calculations in LQG
As a concerete example of applying the techniques developed in the previous sections to
calculations in loop quantum gravity, let us consider the operator
Cab = ijk Tr
(l)
(
τkhαab
)
J
(a)
i J
(b)
j , (5.1)
5As indicated by Eq. (4.15), we consider an intertwiner whose all indices are lower indices. For each
upper index of the intertwiner, the corresponding angular momentum operator J(a)m should be replaced
with (J(a)µ)† = J(a)−µ in O(J(1), · · · , J(N)) in Eq. (4.18).
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which is used to construct the physical Hamiltonian in a model of loop quantum grav-
ity deparametrized with respect to a free scalar field. (For more details, see [4].) The
operator Cab acts on a pair of edges ea and eb sharing a node in a spin network state,
the two angular momentum operators J (a)i and J
(b)
j acting on the holonomies associated
with the two edges. Furthermore, hαab denotes a holonomy around a loop αab, which is
attached to the graph of the spin network and is tangent to, but does not overlap with,
the two edges ea and eb. Finally, τk = −iσk/2 denotes the anti-Hermitian generators of
SU(2).
Therefore, at the level of intertwiners described in the standard basis of magnetic indices,
the action of the operator Cab is to replace the original intertwiner ιm1···mN at the node
with a new intertwiner (Cabι)m1···mNn1n2 . The two new indices of the new intertwiner
are in the end contracted with the representation matrix D(l)n1n2(hαab) of the holonomy
around the loop αab.
The action of the operator Cab on an intertwiner in the coherent-state basis can be found
by evaluating the object
(Cabι)ξ1···ξNη1η2 ≡ 〈ijk(τ (l)k )η1η2J (a)i J (b)j ι|j1ξ1 ⊗ · · · ⊗ jNξN 〉, (5.2)
where the indices η1 and η2 are eventually contracted with the indices of the represen-
tation matrix D(l)η1η2(hαab) by the integral
∫
dµl(η1) dµl(η2). On grounds of Eq. (4.18),
we obtain from Eq. (5.2)
(Cabι)ξ1···ξNη1η2 =
(CabPι)(ξ1, · · · , ξN , η1, η2)
(1 + |ξ1|2)j1 · · · (1 + |ξN |2)jN (1 + |η1|2)l(1 + |η2|2)l , (5.3)
where (CabPι)(ξ1, · · · , ξN , η1, η2) is a polynomial which represents the new intertwiner
as an element of Pj1 ⊗ · · · ⊗ PjN ⊗ Pl ⊗ Pl. An expression for CabPι can be derived by
using Eqs. (4.9)–(4.11) for the angular momentum operators, and the explicit form of
the matrix elements (τ (l)k )η1η2 = − i2〈lη1|Jk|lη2〉 given by Eqs. (2.25)–(2.27). Introducing
the abbreviations ∂a = ∂/∂ξa and ∂2ab = ∂
2/∂ξa∂ξb, we find
(CabPι)(ξ1, · · · , ξN , η1, η2) = l
2
(1 + η1η¯2)
2l−1
[
η1
(
(ξa − ξb)∂2ab + jb∂a − ja∂b
)
+ η¯2
(
−ξaξb(ξa − ξb)∂2ab + jbξa(ξa − 2ξb)∂a − jaξb(ξb − 2ξa)∂b − 2jajb(ξa − ξb)
)
+ (η1η¯2 − 1)
(
1
2(ξ
2
a − ξ2b )∂2ab + jbξb∂a − jaξa∂b
)]
Pι(ξ1, . . . , ξN ). (5.4)
On a general level, we cannot make Eqs. (5.3) and (5.4) more explicit, since we lack a
general expression for the polynomial Pι(ξ1, . . . , ξN ). Let us therefore specialize to the
case of computing the action of the operator C12 on a three-valent intertwiner. In this
case, the explicit form of Pι(ξ1, ξ2, ξ3) can be read off from Eq. (3.9) as
Pι(ξ1, ξ2, ξ3) = (ξ1 − ξ2)j1+j2−j3(ξ2 − ξ3)j2+j3−j1(ξ3 − ξ1)j3+j1−j2 . (5.5)
Introducing the notation ξab = ξa − ξb and ka = j1 + j2 + j3 − 2ja, it is convenient to
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write the derivatives appearing in Eq. (5.4) as
∂1Pι(ξ1, ξ2, ξ3) =
(
k3
ξ12
− k2
ξ31
)
Pι(ξ1, ξ2, ξ3), (5.6)
∂2Pι(ξ1, ξ2, ξ3) =
(
k1
ξ23
− k3
ξ12
)
Pι(ξ1, ξ2, ξ3) (5.7)
and
∂12Pι(ξ1, ξ2, ξ3) =
(
−k
2
3 − k2
ξ212
− k1k2
ξ23ξ31
+
k2
k3
ξ31ξ12 +
k3k1
ξ12ξ23
)
Pι(ξ1, ξ2, ξ3). (5.8)
This suggests to express the components of the intertwiner C12ι, given by Eq. (5.3), by
factoring out the component of the original intertwiner,
( j1 j2 j3
ξ1 ξ2 ξ3
)
. We can also separate
the factor (1 + η1η¯2)2l/(1 + |η1|2)l(1 + |η2|2)l = 〈lη2|lη1〉, which, up to a phase, is equal
to [12(1 + ~nη1 · ~nη2)]l. In this way, we can write the components of the new intertwiner
in the form
(Cabι)ξ1ξ2ξ3η1η2 = F (ξ1, ξ2, ξ3, η1, η2)
(
1 + ~nη1 · ~nη2
2
)l (
j1 j2 j3
ξ1 ξ2 ξ3
)
, (5.9)
where ~nηa denotes the vector corresponding to the parameter ηa, and F (ξ1, ξ2, ξ3, η1, η2)
is a function which can be determined using Eqs. (5.4) and (5.6)–(5.8).
In the limit of large spins, the expression (5.9) admits the following interpretation in
terms of the vectors corresponding to the parameters ξa and ηa. As discussed in section
3.3, in the large-j limit the 3j-symbol in Eq. (5.9) is suppressed unless the vectors ~na
corresponding to the parameters ξa satisfy the closure condition j1~n1 + j2~n2 + j3~n3 = 0.
Similarly, the factor [12(1+~nη1 ·~nη2)]l forces the two vectors ~nη1 and ~nη2 to be parallel to
each other, when the value of l is large. Assuming that the vectors ja~na close, and that
~nη1 = ~nη2 ≡ ~nη, we can look at the function F to determine the preferred orientation of
the vector ~nη relative to the vectors ~na.
As a first example, let us examine the case where the spins j1, j2 and j3 are equal to
a common value j. If we fix ~n1 = 12(
√
3, 0,−1), ~n2 = 12(−
√
3, 0,−1) and ~n3 = (0, 0, 1),
we find that the absolute value of the function F is given in terms of the polar angles of
the vector ~nη as
|F (θη, φη)| =
√
3j2l
(
| sin θη sinφη|+O(j−1)
)
. (5.10)
This function is evidently maximized when θη = pi/2, and φη = pi/2 or φη = 3pi/2,
i.e. when ~nη = (0,±1, 0). In other words, the preferred orientation of the vector ~nη
is orthogonal to the plane spanned by the vectors ~n1, ~n2 and ~n3. This conclusion is
independent of the values of the spins j and l, since up to subleading terms the absolute
value |F (θη, φη)| depends on j and l only through an overall multiplicative factor.
As another example we give the case j1 = j2 = j and j3 ≈
√
2j. To satisfy the
closure condition of the vectors ~na, we now fix ~n1 = (0, 0, 1), ~n2 = (1, 0, 0) and ~n3 =
1√
2
(−1, 0,−1). Now the explicit expression of |F (θη, φη)| is unenlightening, so we show
a numerical plot of |F (θη, φη)|/j2l (which is independent of j2 and l at leading order) in
Fig. 3 below. The plot indicates that the preferred orientation of the vectors ~nη is still
perpendicular to the plane of the vectors ~n1, ~n2 and ~n3.
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Figure 3: A plot of the function |F (θη, φη)|/j2l, when the spins of the three-valent
intertwiner ι are given by j1 = j2 = j and j3 ≈
√
2j. The function F (θη, φη) determines
the preferred orientation of the vectors ~nη1 = ~nη2 ≡ ~nη, created by the action of the
operator C12 on the intertwiner ι. The maxima of the function |F (θη, φη)| are located
at (θη, φη) = (12pi,
1
2pi) and (θη, φη) = (
1
2pi,
3
2pi). Both points correspond to the vector ~nη
orthogonal to the plane of the vectors ~n1, ~n2 and ~n3.
6 Conclusions
In this work we studied intertwiners projected onto the basis of angular momentum
coherent states. The relevance of our calculations to loop quantum gravity is twofold.
Firstly, the object ιξ1···ξN , defined in Eq. (3.1) and given in explicit form in Eqs. (3.9) and
(3.16) in the case of three- and four-valent intertwiners, provides an expression for the
components of the Livine–Speziale coherent intertwiner |j1 · · · jN ; ξ1 · · · ξN 〉 with respect
to the standard basis {|ι〉} of the intertwiner space. Secondly, and more importantly,
by rewriting the spin network states of loop quantum gravity in terms of intertwiners
projected on coherent states, operators such as the Hamiltonian can be reformulated as
differential operators acting on polynomials of the complex variables ξa.
The primary motivation for our work is to introduce an alternative approach towards
analyzing the matrix elements of the Hamiltonian operator, in which the use of SU(2)
recoupling theory is bypassed. By rewriting the spin network states and the Hamiltonian
in the language of the complex numbers ξa, and by providing explicit expressions for
the projections of intertwiners on coherent states, we make it possible to describe the
action of the Hamiltonian geometrically, in terms of the vectors corresponding to the pa-
rameters ξa. This was illustrated by the example in section 5, where we considered (the
Euclidean part of) the physical Hamiltonian of a deparametrized model of loop quantum
gravity [4]. We computed the action of the operator on a three-valent intertwiner, and
19
found that the preferred orientation of the two new vectors created by the Hamiltonian
is orthogonal to the plane containing the three vectors of the original intertwiner.
Our expectation is that the techniques presented in this work will be useful for gain-
ing a more controlled analytical understanding of the Hamiltonian in loop quantum
gravity, and eventually for studying the semiclassical limit of the dynamics through an
asymptotic analysis of the matrix elements of the Hamiltonian (e.g. via saddle point
techniques). However, the scope of the present paper is merely to show that the co-
herent states of angular momentum can be used to develop an alternative framework
for performing calculations with the Hamiltonian. Carrying out a systematic analysis
of the dynamics and obtaining a clear understanding of the geometrical content of the
Hamiltonian in this framework is a question left for future work.
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A Selected facts about SU(2)
In this appendix we recall some results from SU(2) representation theory, which will be
needed in the main text.
A.1 Parametrizations of SU(2)
A general element g ∈ SU(2) has the form
g =
(
α β
−β¯ α¯
)
where |α|2 + |β|2 = 1. (A.1)
The group element can be parametrized in terms of an angle χ and an axis of rotation
~n as
g = e−iχ~n· ~J = cos
χ
2
− i sin χ
2
(~n · ~σ), (A.2)
where ~J = ~σ/2 is the angular momentum operator for j = 1/2, and ~σ = (σx, σy, σz) are
the Pauli matrices.
Further parametrizations of the group element can be obtained using the operators
J± = Jx ± iJy and J0 = Jz. One has the decompositions
g = eλJ−eµJ0eνJ+ (A.3)
and
g = eξJ+eηJ0eζJ− (A.4)
where the parameters are given by
eµ/2 = α λ = − β¯
α
ν =
β
α
(A.5)
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and
e−η/2 = α¯ ξ =
β
α¯
ζ = − β¯
α¯
. (A.6)
The relations (A.3) and (A.4) can be verified by direct calculation in the fundamental
representation of the group, using an explicit matrix representation for the angular
momentum operators6. Note that in general, none of the matrices on the right-hand
side of Eqs. (A.3) and (A.4) are elements of SU(2), though they do belong SL(2,C).
A.2 The spin-j representation as a symmetric tensor product
The fundamental (spin-1/2) representation of SU(2) is realized by letting the matrix
g = gAB of Eq. (A.1) act on the space H1/2 ∼= C2 spanned by the vectors vA, the index
A taking the two values A = +,−. A realization of the spin-j representation that is
sometimes useful is obtained by considering the space Hj as the completely symmetric
part of the tensor product of 2j copies of the space H1/2. Hence, Hj is spanned by
the dj = 2j + 1 vectors v(A1···A2j) ≡ vm; the correspondence between the completely
symmetric index (A1 · · ·A2j) and the magnetic index m typically used in the physics
literature is given by m = 12
∑2j
i=1Ai. The representation of an element g ∈ SU(2) on
the space H is then given by
D(j)mn(g) = D
(j)
(A1···A2j)(B1···B2j)(g) = g
A1
(B1
· · · gA2jB2j). (A.8)
Intertwiners – i.e. invariant tensors on Hj1⊗· · ·⊗HjN – are constructed using the tensor
AB, which is the only invariant tensor in the fundamental representation7. For example,
the three-valent intertwiner between representations j1, j2 and j3 is given by
ι(j1j2j3)m1m2m3 = ι(A1···A2j1 )(B1···B2j2 )(C1···C2j3 )
= Nj1j2j3A1B1 · · · AaBaBa+1C1 · · · Ba+bCbCb+1Aa+1 · · · Cb+cAa+c , (A.10)
where a complete symmetrization of the indices (A1 · · ·A2j1), (B1 · · ·B2j2) and (C1 · · ·C2j3)
is implied on the right-hand side. The numbers a, b and c are given by
a = j1 + j2 − j3, b = j2 + j3 − j1, c = j3 + j1 − j2, (A.11)
and the normalization factor is
Nj1j2j3 =
√
(2j1)!(2j2)!(2j3)!
(j1 + j2 + j3 + 1)!(j1 + j2 − j3)!(j2 + j3 − j1)!(j3 + j1 − j2)! . (A.12)
6The standard representation of ~J is given in the basis in which Jz is diagonal, and reads
Jx =
1
2
(
0 1
1 0
)
, Jy =
1
2
(
0 −i
i 0
)
, Jz =
1
2
(
1 0
0 −1
)
. (A.7)
7Together with δAB and AB , which are obtained by raising one or both indices of AB . Indices are
raised and lowered according to the conventions
vA = ABvB , vA = v
BBA. (A.9)
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Intertwiners of higher valence can be constructed by contraction of three-valent inter-
twiners. For example, an orthonormal basis in the four-valent intertwiner space between
representations j1, j2 j3 and j4 is given by the objects
ι
(k)
(A1···A2j1 )···(D1···D2j4 )
=
√
dkι(A1···A2j1 )(B1···B2j2 )(E1···E2k)ι
(E1···E2k)
(C1···C2j3 )(D1···D2j4 )
.
(A.13)
The three-valent intertwiner (A.10) can be represented graphically by introducing a
notation in which
• AB or AB is represented by a line with an arrow pointing from index A to B;
• δAB = ACBC is represented by a line with no arrow;
• Contraction of an index is represented by connecting two lines at the contracted
index.
Then we can write
ι(A1···A2j1 )(B1···B2j2 )(C1···C2j3 ) = Nj1j2j3 (A.14)
where each external group of lines is understood to be completely symmetrized. In this
notation, the four-valent intertwiner (A.13) is given by
ι
(k)
(A1···A2j1 )···(D1···D2j4 )
=
√
dkNj1j2kNkj3j4 (A.15)
where we draw the vertical bar to indicate explicitly a complete symmetrization of the
internal group of lines.
B A polynomial calculation of
(
j1 j2 j3
ξ1 ξ2 ξ3
)
The complex polynomial representation of SU(2), described in section 4.1, provides an
alternative way of calculating the components of the 3j-symbol in the basis of coherent
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states. In this appendix we will perform the calculation, following a similar calculation
carried out in [23] for the Clebsch–Gordan coefficient. In this way we provide both an-
other example of using the polynomial formalism, and an alternative derivation of Eq.
(3.9).
As defined in Eq. (3.2), the coherent components of the 3j-symbol are given by(
j1 j2 j3
ξ1 ξ2 ξ3
)
=
(
j1 j2 j3
m1 m2 m3
)
D
(j1)
m1,−j1(ξ1)D
(j2)
m2,−j2(ξ2)D
(j3)
m3,−j3(ξ3). (B.1)
Using the SU(2) invariance of the standard 3j-symbol, this can be rewritten as(
j1 j2 j3
ξ1 ξ2 ξ3
)
=
∑
m1m2
(
j1 j2 j3
m1 m2 −j3
)
D
(j1)
m1,−j1(ξ
−1
3 ξ1)D
(j2)
m2,−j2(ξ
−1
3 ξ2). (B.2)
Computing the products of two coherent state rotations by means of Eqs. (2.28) and
(2.30), and defining the state
|Φ0〉 =
∑
m1m2
(
j1 j2 j3
m1 m2 −j3
)
|j1m1〉|j2m2〉, (B.3)
we can write Eq. (B.2) as(
j1 j2 j3
ξ1 ξ2 ξ3
)
= e−ij1β13−ij2β23〈Φ0|j1ξ13 ⊗ j2ξ23〉 (B.4)
where
ξ13 =
ξ1 − ξ3
1 + ξ1ξ¯3
, eiβ13/2 =
1 + ξ¯1ξ3
|1 + ξ¯1ξ3|
(B.5)
(and the same for ξ23 and β23). Transforming the 3j-symbol in Eq. (B.3) into a Clebsch–
Gordan coefficient, we see that
|Φ0〉 = (−1)
j1−j2+j3√
dj3
∑
m1m2
Cj1j2j3m1m2j3 |j1m1〉|j2m2〉 =
(−1)j1−j2+j3√
dj3
|j1j2; j3j3〉 (B.6)
i.e. up to a numerical factor, |Φ0〉 is the state of total spin j3 and maximal magnetic
number m3 = j3, constructed from spins j1 and j2.
Our aim now is to compute the scalar product 〈Φ0|j1ξ13 ⊗ j2ξ23〉 in Eq. (B.4) using
the polynomial representation of section 4.1, considering |Φ0〉 and |j1ξ13 ⊗ j2ξ23〉 as
polynomials in the space Pj1⊗Pj2 . The coherent states are given in polynomial form by
Eq. (4.12). To find the polynomial representation of the state |Φ0〉, we write the defining
equations of the state |j1j2, j3j3〉, J+|j1j2, j3j3〉 = 0 and J0|j1j2, j3j3〉 = j3|j1j2, j3j3〉,
as differential equations for a function fj3(z1, z2) in Pj1 ⊗ Pj2 , using the representation
of the angular momentum operators from Eqs. (4.9)–(4.11). The equations are(
−z21
∂
∂z1
+ 2j1z1 − z22
∂
∂z2
+ 2j2z2
)
fj3(z1, z2) = 0 (B.7)(
z1
∂
∂z1
− j1 + z2 ∂
∂z2
− j2
)
fj3(z1, z2) = j3fj3(z1, z2). (B.8)
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The solution which is an element of Pj1 ⊗ Pj2 is given by
fj3(z1, z2) = Mj1j2j3z
j1−j2+j3
1 z
j2−j1+j3
2 (z1 − z2)j1+j2−j3 . (B.9)
The correct value of the normalization constant is Mj1j2j3 =
√
dj3Nj1j2j3 , with Nj1j2j3
given by Eq. (A.12). (The phase of Mj1j2j3 is chosen according to the Condon–Shortley
convention, in which the Clebsch–Gordan coefficient Cj1j2j3j1,j3−j1,j3 – equivalently, the co-
efficient of z2j11 z
j2+j3−j1
2 in the expansion of the function fj3(z1, z2) – is real and positive.)
It follows that the representation of the state |Φ0〉 as a polynomial is given by
φ0(z1, z2) = Nj1j2j3(−z1)j1−j2+j3zj2−j1+j32 (z1 − z2)j1+j2−j3 . (B.10)
The scalar product in Eq. (B.4) can therefore be computed as
〈Φ0|j1ξ13 ⊗ j2ξ23〉 =
∫
dνj1(z1) dνj2(z2)φ0(z1, z2)f
(j1)
ξ13
(z1)f
(j2)
ξ23
(z2)
=
Nj1j2j3
(1 + |ξ13|2)j1(1 + |ξ23|2)j2
∫
dνj1(z1) dνj2(z2) (1 + ξ13z1)
2j1(1 + ξ23z2)
2j2
× (−z¯1)j1−j2+j3 z¯j2−j1+j32 (z¯1 − z¯2)j1+j2−j3 .
(B.11)
In the integral, the function multiplying (1 + ξ13z1)2j1(1 + ξ23z2)2j2 is a polynomial of
order 2ja in each z¯a. Hence, after changing the variables of integration from z1 and z2
to z¯1 and z¯2, the integrals can be immediately evaluated using Eq. (4.5). This yields
〈Φ0|j1ξ13⊗ j2ξ23〉 = Nj1j2j3
(1 + |ξ13|2)j1(1 + |ξ23|2)j2 (−ξ13)
j1−j2+j3ξj2−j1+j323 (ξ13− ξ23)j1+j2−j3 .
(B.12)
When this is inserted into Eq. (B.4), and the result expressed in terms of ξ1, ξ2 and ξ3
using Eq. (B.5), we recover Eq. (3.9).
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